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Abstract 

We study the (super-)symmetries of classical solutions in the higher spin (super- 
gravity in AdS3. We show that the symmetries of the solutions are encoded in 
the holonomy around the spatial circle. When the spatial holonomies of the so- 
lutions are trivial, they preserve maximal symmetries of the theory, and are ac- 
tually the smooth conical defects. We find all the smooth conical defects in the 
sl(N), so(2N + 1), sp(2N), so(2N),g 2 , as well as in sl(N\N~ 1) and osp(2N + 1\2N) 
Chern-Simons gravity theories. In the bosonic higher spin cases, there are one-to-one 
correspondences between the smooth conical defects and the highest weight repre- 
sentations of Lie group. Furthermore we investigate the higher spin black holes in 
osp(3|2) and sZ(3|2) higher spin (super-)gravity and find that they are only partially 
symmetric. In general, the black holes break all the supersymmetries, but in some 
cases they preserve part of the supersymmetries. 
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1 Introduction 



Symmetries of spacetime play an essential role in Einstein's general relativity. For exam- 
ple, the maximally symmetric spacetime can often be taken as the vacuum of a theory. 
And the isometries of a black hole allow us to define the conserved quantities of the 
background and a test particle. Moreover, in a gravity theory with super symmetry, su- 
persymmetric black holes have better ultraviolet behaviors and have been one of central 
subjects in supergravity and string theory. Furthermore, in the context of AdS/CFT cor- 
respondence, the supersymmetries and isometries are the guide lines to find the bubbling 
geometry. 

The notion of symmetry becomes tricky in a theory of higher spin fields. Different 
from usual Einstein gravity, the gauge transformation of the metric field involves the 
higher spin fields such that the usual notions of geometry, such as diffeomorphism and 
isometries, do not make much sense in the higher spin gravity. One has to find gauge 
invariant way to define the symmetries of a classical configuration. In the well-known 
AdS4 Vasiliev's higher spin theory, the fact that the higher spin gauge transformations 
are quite involved and there is short of classical solutions hinders us from investigating 
this issue. Fortunately in AdS3 the higher spin gravity is much better under control in 
many aspects. 

The higher spin gravity in AdS3 has been developing quickly in the past few years. 
One nice feature of the AdS3 higher spin gravity is that the original Vasiliev theor}Q 
could be cast into a Chern-Simons gravity on a high spin algebra[2J [3], and could even 
be truncated to a theory on a finite rank Lie algebra, if not considering the matter 
scalar field. Therefore the classical solutions without scalar hair can be constructed 
explicitly. More interestingly it was proposed[3] that the Vasiliev theory in AdS3 could 
be holographically dual to a 2D WVfc minimal model at the boundary. Up till now, 
there are two kinds of limit studied on this duality in the literature. The first one is 
the 't Hooft limit, which is obtained by taking N, k — > oo while keeping the 't Hooft 
coupling A = jj-^j: fixed. Under this limit the boundary theory is unitary, but the bulk 
theory has some troubles in counting the dual light states. See the review [5] for recent 
developments and references therein. For a recent proposal, see [6]. The other one is 
the semi-classical limit [TIE], which is obtained by taking c — > oo while keeping N fixed. 
In taking this limit, the level k in the boundary CFT has to be negative and there are 
states with negative conformal weights. Hence, in this case, the theory is non-unitary. 
However, the bulk theory in the semi-classical limit is simpler than the one in the 't 
Hooft limit as the gauge group is of finite rank. Hence it allows us to investigate the 
HS/CFT correspondence in detail. As the first step to check the correspondence, one 
has to match the spectrum on two sides. On the CFT side, the minimal model has 
various representations characterized by ( A+ ; A_ ) , where A± are the integrable highest 
weight representations of the affine algebra su(N) at level k and k + 1. Among them, the 
primary states in (0, A_) are of particular importance. In the semiclassical limit, these 
primary states have conformal dimensions proportional to the central charge, indicating 

1 See [1] for a review. 
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their non-perturbative nature. It was proposed in [8] that the states (0, A_) correspond 
to smooth conical defects(surplus) in the bulk AdS3 higher spin gravity. The states 
(A + ,0) corresponds to scalar perturbation and the general states (A+,A_) correspond 
to bound states of the scalar perturbation and the conical defects. 

The smooth conical defects(surplus)[9] are classical solutions of the AdS3 higher 
spin gravity. They have the same topology as the global AdS3, with a contractible 
spatial circle. As the usual geometric notions break down in the higher spin gravity, 
one has to use gauge invariant quantities to characterize these solutions. In the case 
of conical defect, a well-defined quantity is the holonomy of the gauge field along the 
contractible spatial circle. The smooth conical defect has a trivial spatial holonomy 
such that the corresponding gauge potential is not singular. As the corresponding states 
have maximally degenerate null vectors, the smooth conical defects are expected to have 
maximal higher spin symmetry, as the global AdS3 vacuum. 

Another interesting class of classical solutions is higher spin black hole|10j. Different 
from the conical defects, the spatial circle of the black hole is not contractible but its time 
circle is. The smoothness of the higher spin black hole requires that the holonomy of the 
gauge field along the time circle is in the center of the gauge group. More interestingly, 
the trivial thermal holonomy leads to consistent thermodynamics for the higher spin 
black holes. On the other hand, the spatial holonomy of the gauge field for the higher 
spin black hole is not trivial. Hence, there is an interesting question: what is the 
information encoded in the spatial holonomy? 

In fact, the spatial holonomy encodes the symmetry of the solution. Simply speaking, 
to determine how many symmetries are kept by the solution, we need to solve the 
following equation in holomorphic sectoiH 

S A A = dA+ [A, A] = 0, (1) 

where A is the flat connection. Locally the above equation could always be solved. To 
have a well-defined gauge transformation, we need to impose periodic boundary condition 
on the gauge parameter A. In the end we obtain the following relation 

e-^Ae 2 ™^ = A, (2) 

where is the (^-component in A and A is some constant matrix valued in the Lie 
algebra of the gauge group. When the spatial holonomy is in the center of the corre- 
sponding group, the solution is of maximal higher spin symmetries in the sense that 
A has maximal number of degrees of freedom. In other words, the smooth conical 
defect (surplus) is the maximally symmetric solution in the higher spin gravity. Actu- 
ally, we show how to obtain the smooth conical defects by searching for the maximally 
symmetric solutions of the corresponding higher spin gravity. This turns out to be a 
quite effective method. We use this method to find out the smooth conical defects in 
sl(N),so(2N + l),sp(2N),so(2N),g2 gravity theories, as well as the ones in sl(N\N — 1) 
and osp(2N + 1\2N) supergravities. Moreover we establish an one-to-one match between 

2 Certainly we need to consider the similar equation in the anti-holomorphic sector as well 
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the conical defects and the highest weight representations of dual group in all cases. This 
exact match of the spectrum suggests that there may exist a correspondence between 
the finitely truncated higher spin gravities, possibly coupled to scalar matter, with some 
kinds of minimal models. When the spatial holonomy is non-trivial, as in the case of 
higher spin black hole, the solution is partially symmetric. In the case of generic higher 
spin black hole, the constant matrix have to be valued only in Cartan subalgebra of the 
gauge group, showing the black hole could have well-defined global charges. 

In a higher spin supergravity, the spatial holonomy not only encodes the symmetries 
of the solution but also supersymmetries preserved by the solution. The super symmetric 
configurations are of particular interest in a supersymmetric theory. They often have 
nice properties and are easier to deal with. The supersymmetric solutions in the higher 
spin (super-)gravity have been discussed recently in [TTJ Q21 Q3] • In [H]> the higher spin 
generalization of Killing spinor equation has been proposed. And in [13], the maximally 
supersymmetric conical defects have been discussed in sl(N\N— 1) gravity. In the Chern- 
Simons supergravity, the gauge group is a supergroup. As a result, the constant matrix 
A in ([2]) should be valued in the supergroup, with its fermionic sector being labeled by 
e. Taking into account of the boundary condition on the fermionic sector of A, which 
could be either periodic or anti-periodic, one obtain the following relation on the spinor 

From this relation, one may read out how many supersymmetries the solution preserve|llj. 
In usual supergravity, the extremal black holes are often supersymmetric. Therefore it 
is interesting to investigate if the extremal higher spin black holes can keep part of the 
supersymmetries as well. It turns out to be true, but the story is more interesting. Using 
brute force, one may solve the generalized Killing spinor equation, which is the fermionic 
part of ([T]), to find the supersymmetric higher spin black holes. These supersymmetric 
black holes are exactly the ones obtained by solving holonomy equations ([3]) imposed by 
spatial holonomy. 

The structure of this paper is as follows. In section 2, we clarify the relationship 
of the spatial holonomy and the maximally symmetric solution, then we search for the 
maximally symmetric solutions in various higher spin (super-)gravity theories. In section 
3, we discuss the partially (super-)symmetric solution. In section 4, we explore the black 
holes in the higher spin (super-)gravity theories with gauge group osp(3\2), and sZ(3|2) 
and study their supersymmetries. We end this paper by some conclusion and discussions. 
The appendix collects the convention we use in this paper. 

2 Maximally Symmetric Solutions 

The motivation to study maximally symmetric solutions in a higher spin gravity is two- 
fold. Firstly, in the Einstein gravity, the maximally symmetric solution always plays 
important role. It is defined to be the spacetime with maximal number of globally 
defined Killing vectors. Actually it is unique for fixed signature and dimension, and 
is often regarded as the vacuum of a theory. In a supergravity theory, it could carry 
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maximal number of Killing spinors and thus could be the maximally supersymmetric 
configurations. As the higher spin theory is a generalization of conventional gravity the- 
ory, it is quite interesting to search for the maximally symmetric solutions in the higher 
spin gauge theories. Secondly, from the HS3/CFT2 correspondence in the semiclassical 
limit, the maximally symmetric configurations in the bulk higher spin gravity should 
correspond to the non-perturbative state (0, A_), which has maximally degenerate null 
vectors. This point has been carefully investigated in a recent paper [8]. So searching 
for the maximally symmetric solutions in the higher spin gravity is a well posed and 
important problem. In this section, we first study this issue in the bosonic higher spin 
theory and then turn to the higher spin supergravity. 

2.1 Maximally Symmetric Solution in Bosonic Higher Spin Gravity 

First of all, we need to define what the maximally symmetric solution is in a bosonic 
higher spin gravity. In this section, we are searching for the solutions with the topology 
D 2 x R. We will use coordinates (p,(j),t), with <f> ~ <p + 27r being a contractible cycle, 
and z = x + = t + tfi, z = x~ = t — <fi. We just focus on the holomorphic part of the 
solution here, and choose the gauge group SL(N) to illustrate the problem. 

To compare with states in the CFT, the solution should be asymptotic to global 
AdSs, namely 

A-A AdS3 ~0{l). (4) 
We can choose the highest weight gauge to set the gauge field to be of the form|14] 

A = b~ l ab + L dp (5) 

where b = expL^p and a = a + dz with 

N 

a+=L 1 + J2WsWl s+1 . (6) 

s=2 

The definition of Wl s+1 can be found in the appendix. We are interested in the solutions 
with constant a. And it has been shown by the asymptotic symmetry analysis [14} [T5] 
that W s can be identified to the spin s charge. In the following, we do not distinguish 
W2 and C that was used in many other references. 

The solution parameterized by (|5|6p has an asymptotic Wn symmetry which is gener- 
ated by the gauge transformation that preserve the asymptotic AdS^ boundary condition 
(JH). To determine how many higher spin symmetries is kept by the solution, we need to 
solve the following equation 

5 A A = dA + [A, A] = 0, (7) 

where A is the the parameter of the gauge transformation. This equation can always be 
solved locally. The p component of the equation (|7|) can be solved by 

A = b(p)- 1 A b(p). (8) 
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The +, — component equation of ([7]) indicate that 

Ao = exp — (a + z)Xexp(a + z) (9) 

where A is a constant matrix taking value in sl(N). Note that A is nothing but the higher 
spin generalization of Killing vector in conventional gravity. To be globally defined, it 
should satisfy the periodic boundary condition in the spatial (j) direction 

A(z + 2vr) = A(z). (10) 

This leads to the constraint 

exp — (27ra + )A exp(27ra + ) = A. (11) 

In order to have a maximally higher spin symmetric solution, A should be an arbitrary 
constant matrix valued in sl(N). This leads to the requirement that the holonomy of 
the gauge field along the spatial 4> cycle 

H^(A) = exp <t> A ~ exp 2na + (12) 
J(t> 

must be in the center of SL(N). In other words, if H^{A) is trivial, then the solution 
is maximally symmetric. As a consequence, a+ must be diagonizable and has different 
eigenvalues. 

The above discussion is consistent with the results in pure gravity. In the AdS3 
Chern-Simons gravity, the gauge transformations of the gauge fields encodes the infor- 
mation of local Lorentz transformation and diffeomorphism. The maximally symmetric 
solution defined above is exactly the global AdS3, and the constant SX(2,R) actually 
correspond to the holographic one in the isometry group SO(2, 2) ~ SL(2, R) x SL(2, R). 

Obviously, the above discusion is valid for other gauge groups. Let us discuss them 
case by case. 

2.1.1 SL(N, R) and SL(N,C) 

The center of SL(N,~R) is different for odd or even N. For odd N, its center is /, so we 
have 

H^(A) ~ exp 2vra + ~ I. (13) 

The equation (fT3"j) only depends on the eigenvalues of a + . Assumed the eigenvalue of a + 
to be 

a + ~ diag(6i,6 2 ,- ■ ■ ,0 N ), (14) 
the holonomy condition (|13j) tells us 

#i = im, 6*2 = in-ii ■ ■ ■ 0^ = in^ (15) 
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with m, rt2, • • • , njv G Z. For a + to be diagonalizable, we require nj 7^ rij for i ^ j. It is 
also convenient to assume m > n 2 • • • > n^. Note that the traceless condition of sl(N) 
requires 

iV 

x> = °- ( 16 ) 

1=1 

Moreover, for the SL(N,~R) case, a + must be real, which impose further conditions on 
n; L . Let us find the consequences of (fT5j) (fl~6j) for the higher spin charges W. We take 
N = 3 to illustrate the point. In this case, (|6|) becomes 

a+ = Li + £L_i + W 3 W_ 3 2 . (17) 

Note £, W3 are proportional to the trace of the power of a+. Since we require the charge 
W3 to be real, the Hi should be 

(ni, n 2 , n 3 ) = (n, 0, -n). (18) 

Thus we have 

>C = —, W 3 = 0. (19) 

Here n = 1 corresponds to global embedded in SL(3,M), and the other solutions 

with n > 2 correspond to smooth conical surplus studied in [9]. The vanishing of spin 3 
charge originates from the reality condition on the gauge potential. More generally for 
all odd N, the condition of a real connection always leads to vanishing odd spin charges. 
For even N, its center is ±7, so we have 

H^A) ~ exp 2vra+ ~ ±1. (20) 

As before, the condition (|20p is relevant to the eigenvalue of a+. We assume 

a+ ~ diag(9i,9 2 ,- ■ ■ ,0 N ). (21) 

If the holonomy is /, then 

9i = in h n t G Z. (22) 

If the holonomy is — J, then 

0i = i(TH + i), ni G Z. (23) 
In the case of iV = 2, we find that 

£ = — , n G Z+. (24) 

The holonomy is —J for odd n, and I for even n. When n = 1, the solution is just global 
AdS3, while when n > 2, the solutions are the smooth conical surplus. 
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We note that all the maximally symmetric solutions in N = 2,3 have vanishing 
higher spin charge. However, this situation changes when N > 4. We take TV = 4 as an 
example. We find the eigenvalues of a + to be 

(#1,02,03,04) = i(n 1 ,n 2 ,-n 2 ,-ni), (25) 

where n« can be intergar or half intergar, depending on the holonomy, or the choice of 
the center. The spin 3 charge W3 is still zero, but the even spin 2 and spin 4 charges 
are nonzero 

C = — (n? + n|) oc C 2 (n) 

W 4 = ^eoo 1 ^ (Q(n) - ^C 2 (n) 2 ) (26) 

where the 62,64 are the Casimirs in SX(4,R) and p is the corresponding Weyl vector 
. These are the conical defects or surplus in the spin 4 gravity studied in [9]. They 
have nonvanishing higher spin charges. The same feature holds for all the maximally 
symmetric solutions when N > 4. 

Note that our maximally symmetric solutions in the higher spin gravity are just 
the smooth conical defects (surpluses) studied in [21 [S]. However, the work in [S] was 
motivated in matching the conical defects to the primary states in CFT with the same 
global charges, while here we have shown that the smooth conical defects(surpluses) 
should have been discovered by simply symmetry consideration. 

To match the primary states in the CFT side, the SL(N, C) case is also important. 
One need do Euclidean continuation to match the spectrum. The center of SL(N, C) is 
e N lyvxTV, hence the eigenvalues of a + are 

0i = i(mi-—), mi€Z,i = l,2,-- - ,N. (27) 
The traceless condition of SL(N,C) leads to 

N 



rrii = m. (28) 



i=l 

The rrii can be shifted to set rriM = 0. To be in match with the CFT states, one needs 
the Young diagram of su(N). A Young diagram of su(N) includes N — 1 rows, each row 
has rj(rjv = 0) boxes. This Young diagram is in one to one correspondence with the 
highest weight state (0,A_) with 

A_ = (Ai,... ,A N ) (29) 

where 

V N r 

K = ri ~ N^' (30) 
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To relate it to the gravity solutions, we can define 

n = mi-(N- i) (31) 
such that the eigenvalues of the holonomy could be rewritten as 

- iBi = n- + - i = Ai + pi (32) 

where pi = — z is the Weyl vector of su(N). Hence we find a one to one corre- 
spondence between the bulk maximally symmetric solution and the highest weight state 
(0,A_). 

2.1.2 Sp(2N,M) and Sp(2N,C) 

These cases are motivated by the proposed even spin minimal model hologaphy[T6J [T7\ 
I18| . Note that the center of Sp(2N, R) and Sp(2N,C) are the same, which can be ±7. 
Then the holonomy now is 

H<j>{A) ~ exp(2vra + ) ~ ±1 (33) 
The eigenvalues of a+ can be parameterized as 

a + ~ diag(9i,9 2 ,- ■ ■ , 9 N , -9 N , -0n-i, • • • , (34) 
If the holonomy is chosen to be J, then 

9i = irii, rii G Z. (35) 
If the holonomy is chosen to be —I, then 

9i = i(m + -), n, G Z. (36) 

To make sure o+ is diagonalizable, one has an additional requirement that rij ^ n,- for 
all i, j. Hence it is convenient to assume n\ > ri2 > ■ • • > n^v- 

On the other hand, a representation of so(2iV + 1) can be parametrized by its highest 
weight, as N numbers ?"i>r2>--->rjv>0 (see 1.65 in |19|). There are two kinds 
of representations: the vector representation with all r^s being integers and the spinor 
representation with all r^'s being half-integer. The relation between the weight A and 
turns out to be: 

N-l 

h=^2{r i -r i+1 )\ i + 2r N \ N (37) 
i=l 

where Aj is the i-th fundamental weight: 

Ai = ei 
A2 = ei + e2 



Aat-i 

Aat 



ei + e2 H + ejv-i 

ei H h c^v 



(38) 
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The Weyl vector is 

N N 

p = J2 x ^ = J2( N+ 2~ i)ei - (39) 

i=l i=l 

Hence in this case the correspondence reads 

- %0i = hi + P i = n + N + - - i. (40) 

Note that the vector representations of so(2N + 1) exactly correspond to half-integer 
valued —i9i$, which are smooth conical defects whose holonomies are in the center —I of 
Sp(2N, K.). For example, the trivial representation n = r 2 = ■ ■ ■ = = corresponds 
to the AdSs vacuum with a + = i diag(N — |, N — |, ■ ■ ■ , g, — i, • • • , — (N — ^)). On the 
other hand, the spinor representations of so(2N + 1) have half- integer valued hence 
exactly correspond to the conical defects whose holonomy is in the center / of Sp(2N, R). 
Therefore we see that each highest weight state of so(2N + 1) is in exact match with 
the smooth conical defects in the higher spin gravity with gauge group Sp(2n,M) or 
Sp(2n,C)- 



2.1.3 SO(2N + l,R) and SO(2N + l, C) 



This is another realization of even spin gravity. Again, the centers of SO(2N + 1,R) 
and SO(2N + 1,C) are the same, being /. The eigenvalues of a+ can be parameterized 
by 

a+ ~ diag(0i,'- ,0 N ,0,-9 N ,- ■ ■ ,-6>i). (41) 

The holonomy requires 

9i = irii, m £ Z. (42) 

As before, the diagonalizable condition of a+ requires are all distinct numbers: n\ > 
n 2 > • • • > un- 

The highest weights of sp{2N) representations are parametrized by integers r\ > 
r 2 > ■ ■ ■ > r^v > (see 1.66 in |19|). The relation between the weight A and rj is: 

N-l N 
h =, ^2(rs- r s+ i)X s + r N X N = ^ r^i, 

S = l 1 = 1 

where the fundamental weights Aj are: 

Ai = ei, 

A 2 = ei + e 2 , 

Aat = ei + e 2 H heAr. (43) 
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The Weyl vector is 

N N 

/9 = ^A i = ^(iV + l-i)e i . 

i=X i=l 

In this case the correspondence reads 

m = -iOi = A i + Pi = r i + N + l-i. (44) 

Therefore we find an exact match of the smooth conical defects in SO(2N + 1) Chern- 
Simons gravity and the highest weight representations of sp(2N). 

Note there is an interesting "duality" between Bn and Cm Lie algebras: the smooth 
conical defects in Bn gravity could correspond to a Cjv-type highest weight representa- 
tion and the smooth conical defects in Cat gravity could correspond to a Bj^-type highest 
weight representation. 

2.1.4 SO(2N,R) and SO(2N,C) 

The groups SO(2N, R) and SO(2N, C) have the same center ±1. For the smooth conical 
defects, e 2ira+ has to be in the center. The generic diagonalized form of a+ can be written 
as: 

a + = diag(6i,02, • • • , #tv, — On, • • • , —Ox) = diag(irii,iri2, • • • , m/v, —iun, • • • , — ini). 

(45) 

If the spatial holonomy being in the center /, nj's take value in Z, while if the spatial 
holonomy being the center —I, n,'s take value in Z + \. The diagonalizable condition 
requires n\ > 112 > • • • > tin > 0. 

The fundamental weights in so(2N) are: 

Ai = e\ 

A2 = ei + e2 



Aat-2 = ei + e 2 H h e N -2 

11 11 

Ajv-i = -ei + -e 2 H h ^ e N-i - ^e N 

11 11 

Ajv = + 2 62 H 2 e7V_1 + 2 C7V ' ^ 

And the Weyl vector is 

N N 

1=1 1=1 

A highest weight representation of so(2N) is labelled by A numbers r\ > r<i > ■ ■ ■ > 
r N > 0, where could all be integer or half-integer [T7] 

iV-2 JV 

A = E ^ ~~ r *+l) A i + ( r W-l ~ r N)^N—l + (rjv-i + = E r * e * 

i=l i=l 

(A + p)j = ri + A - i (48) 
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When all r%8 are integers, they correspond to vector representations and if they are all 
half- integers, they correspond to spinor representations. 
There is an one-to-one correspondence between m and rj 

rii = -iOi = (A + p)i = n + N - i, (49) 

both of which have same range. For example, the vacuum configuration has the eigenval- 
ues (ni, n 2 , ri3, n^) = (3,2, 1,0), which exactly corresponds to the trivial representation 
r 2, r 3, r i) = (0, 0, 0, 0). Therefore we establish the correspondence between the high- 
est weight representations of so(2N) and the smooth conical defects in SO{2N) higher 
spin gravity. 



2.1.5 G 2 (M) and G 2 (C) 

In this case, the corresponding higher spin gravity has only spin 2 and spin 6 fields [ 
The centers of Gr 2 0R) and G 2 (C) are both trivial, hence the diagonalized form of a + is 

a + = diag(ini,iri2,in3,0, —iri3, —iri2, —ini). (50) 

and 8i = im with m 6 Z. In this case the eigenvalue equation of (L\ + + WeW^s) 
is: 

A[(A 2 + 4£)(A 2 + 16£)(A 2 + 36£) + 172800W 6 ] = 0, (51) 

whose roots are 0, ±ini, ±in2, ±in3. If the spin-6 charge = then clearly one requires 
C = n 2 /4 and n\ = 3n,n 2 = 2n,n3 = n. If the spin-6 charge We is non-vanishing, the 
solutions need more efforts. From the algebraic relations between rij and C 

n i + n 2 + n i = 56£ 

n\ n\ + n\n\ + n\n\ = 784£ 2 , (52) 

we find nf + n^+n^ = 2(n 2 ra 2 ,+ra 2 ,n 2 -|-re 2 .n 2 ), which requires that one of rtj's equals to the 
sum of the other twos. Without losing generality, we choose n\ = n 2 + and let n\ > 
n 2 > n 3 > 0. The rii 7^ rij requirement also comes from the diagonalizable condition. 
Hence the maximally symmetric backgrounds are parametrized by two positive integers 
n 2 and n.3. Accordingly the values of C and Wq are respectively: 

n 2 +n 2 n 3 + n| 
28 

We = Y^o^( n ^iK + n 3 ) 2 -— (n 2 + n 2 n 3 + n 2 ) 3 ). (53) 

On the other hand, the representation of g 2 is characterized by the highest weight 
(see 1.63 of [IS]) A = r ' 1 ~ 3 2r ' 2 \ 1 _)_ r 2 A 2 , where the fundamental weights are: 

Ai = -ei - e 2 + 2e 3 , A 2 = e 3 - e 2 . (54) 

Therefore we have 

A + P = (^ r 2 ~ - l)ei + (-^2 - - 2)e 2 + (-n - ^r 2 + 3)e 3 . (55) 
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From the representation theory of g 2 it is required 



r± + r 2 = 3n, ri,r 2 ,n£N 

n > 2r 2 . (56) 

We make the following identification between n,'s and r^'s: 

,2 1 

,11 
n 2 = _ ( _ 3 r 2 - 3 r i - 2 ) 

ni = (-n - -r 2 + 3). (57) 

Note that m = n 2 + n-3 is ensured. And from these expressions we get n = 2n 2 + ^3 — 
5, r 2 = n 2 — ns — 1, satisfying 3|(ri + r 2 ) automatically. And ri — 2r 2 = 3n3 — 3, which 
is non-negative as long as 723 > 1. Therefore we find the pair (ri,r 2 ) on the CFT side 
exactly corresponds to (n 2 ,ri3) on the gravity side. For example, 

1. The smallest values of (712,^3): (2, 1) corresponds to (ri,r 2 ) = (0,0), which is the 
trivial representation of G 2 . This means the trivial representation corresponds to 
the global AdS3 vacuum. 

2. (n 2 ,ri3) = (3,1) corresponds to (ri,r 2 ) = (2,1), which is the 7-dimensional repre- 
sentation of G 2 . 

3. (n 2 ,ri3) = (3,2) corresponds to (ri,r 2 ) = (3,0), which is the 14-dimensional rep- 
resentation of G 2 . 

There is an exact match of the maximally higher spin symmetric solutions and the 
highest weight states of G 2 representation. 

The discussion on g 2 case shows that there need special care in dealing with the 
exceptional Lie group. In principle it is possible to deal with the F^,Eq,Ej and Eg 
groups. We do not include them here. 



2.2 Maximally Symmetric Solution in Higher Spin Supergravity 

This subsection is to search for maximally symmetric solutions in higher spin supergrav- 
ity. The asymptotic analysis of the higher spin supergravity has been given in [20^ 12 lj . 
The M = 2 supersymmetric extension of the HS/CFT duality has been proposed in [22], 
which relates the three-dimensional N = 2 supersymmetric higher spin theory [23] to 
the Kazama-Suzuki minimal model |244 125], The N = 1 version of duality was proposed 
in |26j . Aspects of conical defects and the higher spin black holes have been partly 
studied in [11[ fT2| [13] . Here we would like to search for the maximally symmetric solu- 
tions, which are asymptotic to AdS3 and preserve the maximal symmetry of the theory. 
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Without losing generality, we take sl(N\N — 1) to give an illustratiorll. Similar to the 
bosonic case, we need to impose appropriate asymptotic condition on the solution. This 
condition is the same as fl3J) 

A - A AdSs ~ 0(1) (58) 

with 

A = b~ 1 ab + L dp. (59) 
But now a = a + dz is changed slightly as the bosonic spectrum changes, 

N N-l 

a + = L 1 + Y: WPW% + £ W^W% + VJ (60) 

s=2 s=2 

where wi 1} ,W s (2) are the corresponding higher spin s charges. V is the U(l) charges. 
The matrix generators are given in Appendix. Note that we have turned off the fermionic 
generators as in supergravity when searching for classical solutions. 
Similarly, from the requirement 

5 A A = dA + [A, A] = 0, (61) 

the gauge parameter could be locally written as 

A = b- 1 e- a+z \e a+z b (62) 

with A is a constant supermatrix taking value in sl(N\N — 1). If we require A to be 
arbitrary supermatrix, then the corresponding solution is maximally symmetric. 

The gauge parameter A can be decomposed into the bosonic parameter £ and the 
fermionic parameter e 

A = £ + e. (63) 

Since the background solution A contains only the bosonic generator, the requirements 
on two parameters £ and e are decoupled so can be studied separately. The bosonic 
gauge parameter should satisfy periodic boundary condition in the spatial <j) direction, 
while the fermionic gauge parameter should satisfy anti-periodic or periodic boundary 
condition in the spatial <p direction, 

A € (z + 2vr) = Af(z), A e (z + 2vr) = ±A € {z) (64) 

or equivalently, 

e - 2na +£e 2 ™+ =£, e- 2na +ee 2na + =±e (65) 
The bosonic relation tells us that the holonomy 

H^A) ~ e 2 ™+ (66) 



3 The maximal supersymmetric conical defects in the higher spin sl(N\N — 1) gravity have been studied 
in [13], but our discussions can be extended to other supergroups. For completeness, we include this 



14 



should be the center of the bosonic subalgebra of the corresponding superalgebra. For 
sl(N\N — 1) we are discussing, it is just the center of sl(N) © sl(N — 1) © u(l). The 
fermionic part of (|65p is a bit more complex due to the anti-periodic boundary condition. 
It constrains the holonomy along the eft cycle as well. For sl(N\N — 1), the bosonic 
supermatrix can be constructed by the anticommutator of two fermionic supermatrix, 
hence the first condition in (|65p will be satisfied automatically provided that the second 
condition is satisfied. Namely, the maximally supersymmetric solution automatically 
has maximal bosonic symmetries. 

Here we construct the maximally symmetric solutions in two higher spin supergravity 
to illustrate the previous discussion. We constrain ourselves to real connection. The 
Euclidean continuation could be important but we do not include here. 

1. sl(N\N — 1). This has been constructed in [13]. The same fermionic relation has 
been obtained, but starting from generalized Killing spinor equation. We will not 
repeat the details here. It turns out the the maximally supersymmetric conical 
defects are in exact match with the chiral primaries in N = (2,2)CP N Kazama- 
Suzuki model. 

2. osp{2N + l|2iV). The bosonic part is so(2N + 1) © sp(2N). The bosonic spectrum 
includes two copies of spin 2, 4, • • • , 2N . The connection o + could be diagonalized 
to be 

a + ~ ( a (2^+i)x(2JV+i) \ 

V U Cl2Nx2N J 

where a( 2 Ar + i) x (27V+i) an d a 2 Nx2N are 

a (2N+i)x(2N+i) ~ diag(0 1 ,0 2 ,- ■ ■ , 0at, 0, -0jv, • • • ,-#2,-#l), (68) 
a-2Nx2N ~ diag((fi,(p 2 ,--- ,<Pn,-<Pn,'" ,-<P2,—<Pi)- (69) 

From the discussion of the bosonic case, we can include the following two cases. 

(a) We choose the center to be l so (27V+i) x ^sp(2N) ■ This can be satisfied by 

0i = irii, rii £ Z, i = 1, • • • ,N (70) 
(fi = irrii, mi 6 Z, i = 1, • • ■ , N (71) 

Then the fermionic boundary condition is periodic. 

(b) We can also choose the center to be l so (2iV+i) x ( — ^)sp(2N)- This can be 
satisfied by 

0i = m, m € Z, i = l,-- - ,N, (72) 

tpi = i(mi + -), rrii G Z, i = 1,- • • ,N. (73) 

Then the fermionic boundary condition is anti-periodic. 
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In it was proposed that in the 't Hooft limit the osp(2N + l|2iV) high spin 
supergravity is dual to the M = (1, 1) super coset 

so{2N + l) fc so(2N) 1 

so(2N) k+1 ' [ ' 

The primary states in this coset are characterized by (A, E), where A and H are 
the highest weight representations of so(2n + 1) and so(2n) respectively [26]. They 
are not in match with the maximally supersymmetric conical defects found above. 
Actually the fact that the bosonic sector of osp(2N + 1\2N) high spin supergravity 
involves both so(2N + 1) and sp(2N) group suggests that the possible CFT dual 
could be nontrivial. 



3 Partially Symmetric Solution 

In the previous section, we have explored the maximally symmetric solutions in the 
higher spin gravity with or without supersymmetry, and found that the maximally sym- 
metric solution were exactly the smooth conical defects which were investigated before. 
However, as in conventional gravity, not all the allowed solutions preserve maximal sym- 
metries. For example, the black holes in supergravity always have less symmetries than 
the vacuum solution which is maximally symmetric and generically breaks the super- 
symmetry completely. In some cases, the extremal black holes may preserve part of 
supersymmetry. In other words, they are partially symmetric solutions. Here we ex- 
tend the concept of partially symmetric solution to the higher spin gravity, both in the 
bosonic and supersymmetric case. 

3.1 Partially Symmetric Solution in Bosonic Higher Spin Gravity 

Here we still choose SL(N, M) as the prototypic model, but the discussion can be easily 
generalized. Since we would like to include the higher spin black holes, we do not require 
the solution to be ([6]), but we still require the solution to be of constant a. In the gauge 
([5]), the configurations we are interested in could be of the form 

a = a + dz + a^dz (75) 

where a+ is the same as ([5]), but a nonvanishing a_ term has been turned on to refer to 
the higher spin black holes. As the solutions satisfy the flatness condition, a+, a_ should 
commute with each other, 

[o+,o_] = 0. (76) 
Note that we still need to search for the solution of the equation 

5 A A = dA + [A, A] = 0. (77) 

The /9-component of the equation still gives us A = 6 -1 Ao&, while the +, — components 
of the equation lead to 

A = e -(a f *+a_2) Ae (o+*+a_«) ) ( 78 ) 
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where A is a constant matrix taking value in sl(N,M). To derive (|78|) we have used 
the equation of motion (fT6j) . For A being well-defined globally, we require the periodic 
condition 

A(0 + 2tt)=A(^). (79) 
After some elementary algebra, we find that 

e -2na^ Xe 2na^ = A (80) 

The exponential e 2?ra ^ is actually the holonomy of the gauge potential along spatial circle 
for our ansatz (|75|) . Up till now, the treatment is the same as before, but this time we 
do not require A to be arbitrary. If (|79p is satisfied for some constant matrix A valued in 
sl(N, K.), there is no need to require the holonomy H to be in the center of SL(N,M). 
Obviously, this will lead to the solution that has only partial symmetrjQ. 

As the holonomy of the gauge field needs not to be in the center, the matrix a<f, may 
not be diagonalizable. The discussion below separates into two cases. If the matrix 
can be diagonalized, we assume that its eigenvalues are (6\, • • • On), i.e. 

~ diag(6 1 ,- • • ,6 N ) (81) 

and the eigenvalues differ from each other, namely, 9{ 7^ 0j for i ^ j. Using the identity 

N N 

exp ( - 2vr ^ d k E kk )E l3 exp (2vr ^ 9 k E kk ) = e-Mfc-^^y ( 8 2) 

k=l k=l 

where is the N x N matrix that is 1 in the i-th row and j-th colum, otherwise it is 
0, then we find that if 

i - 6j = in, n£Z (83) 

for some pairs (i,j). We can have globally well-defined A, though it may not be arbitrary. 
For the most general solution, the condition (|80|) can only be satisfied by i = j with 
n = 0. In other words, only diagonal matrix may satisfy (|80p . Taking into account of the 
traceless condition, there are only N — 1 independent solutions. Recall that the Cartan 
subagebra could be written as the traceless diagonal matrix, the general solution to ([80]) 
could be the linear combination of the Cartan generators. This reflects the fact that 
there are N — 1 well-defined global charges in the theory, corresponding to the spin 2, 
• • • , spin N charges. 

If the matrix cannot be diagonalized, we need to solve the equation (|80p from 
scratch. Note that if 

K,A]=0 (84) 

then the equation (|80p can be satisfied automatically. The equation (|84|) can always be 
solved by the traceless function f(a^) with 

A = /K). (85) 



4 We should mention that all the solution has maximal symmetry locally, but not all of them preserve 
the maximal symmetry globally. The globally well-defined symmetry is capture by (|79[). Hence the 
precise meaning of partial symmetry we discussed are globally partial symmetry. 
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Since / can always be expanded as 

A 

rJa\ - 

N 



N 1 

fin) = - -^ tra l 



1=2 

there are always N — 1 independent solutions which are captured by the constants Cj. 
We emphasize that there may be symmetry enhancement for special configuration. 

3.2 Partially Symmetric Solution in Higher Spin Supergravity 

The discussion in the previous subsection is a warm-up to the more interesting case we 
will consider now. We use the superalgebra sl(N\N — 1) as our prototypic model. The 
solution of Ao is the same as (|HU|) . but A can be decomposed into the bosonic part £ and 
the fermionic part e, 

A = £ + e (87) 

The boundary condition is now 

A f (</> + 2vr) = A 5 (0) , A £ (0 + 2vr) = ± A £ (0) . (88) 

The discussion of the bosonic part Ag goes through parallel to the previous subsection, so 
we only focus on the fermionic part A e . The periodic or anti-periodic boundary condition 
leads to 

e - 27Ta t>e e 2 ™<t> = ±e. (89) 

The independent number of solutions to (j89|) tells us how many super symmetries the 
configuration keeps [IT]. 

Again, if the supermatrix can be diagonalized, we can assume 

/ a NxN A , . 

a <t> ~ n ( 90 ) 
with the matrix ajyxN and a(jv-i) x (Ar-i) to be 

a NxN ~ diag(9x,--- ,0 N ), (91) 
a (N-i)x(N-i) ~ diag(ipi,--- ,<pft) (92) 

And we have 9\ > #2 > • • • > On, fi > ¥?2 > ' ' ' > ¥>jv- The supertraceless condition 
require 

N N-l 

E^-E^ = ° ( 93 ) 

t=l j=l 

The supermatrix has 2N — 1 indices: the first N indices will be denoted as i,j and the 
last — 1 indices will be denoted as Then a basis for the fermionic generators can 
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be chosen to be Eq and Ey. Due to the identitjH 

N N-l N N-l 

exp ( - 2vr(^ 9^ + ^ ^%))% exp (2vr(^ 9^ + ^ ^%)) 
i=i 7=1 i=i j=i 

the condition ()89p has a solution when there exists i,j such that 

9i — ipj = in, n G Z (95) 
for periodic boundary condition, and 

0i-y>3 = i(n+-), neZ (96) 

for anti-periodic boundary condition. 

In the case that cannot be diagonalized, then we need to solve (|89p from scratch. 
In the following section we will find that some black holes do preserve part of supersym- 
metries discussed here. 

4 Black Holes 

The higher spin black holes are the classical solutions of the flatness equation of motion. 
To have a smooth geometry, the holonomy of the gauge potential of the black hole 
around the thermal circle is required to be in the center of the corresponding group. The 
holonomy condition has been checked for the black holes in spin 3 [TO], spin 4 [27] > spin 
4, and G2 gravities [28]. and it has been extended to the case with sup er symmetry [12] . 
In all the cases, it leads to consistent thermodynamics, together with the integr ability 
condition. 

It is interesting to compare the higher spin black holes with the conical defects 
discussed in the previous sections. For the smooth conical defects, the most important 
feature is that the holonomy around the spatial circle is trivial, 

H^{A) = exp d> AG center. (97) 

J spatial circle 

On the contrary, the higher spin black holes require the holonomy around the thermal 
circle is trivial, 

H T (A) = exp & A G center. (98) 

J thermal circle 

Note that we have shown that when the holonomy around the spatial circle is trivial, 
the solution is maximally symmetric, while if the spatial holonomy is not trivial, the 
solution is only partially symmetric. In particular, the solution may keep part of super- 
symmetries. For the higher spin black hole, its spatial holonomy is nontrivial so it is 
only to be partially supersymmetric. 

5 There is a similar identity for Ejj. 



= e'^-^Eq, 
(94) 
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In this section, we would like to discuss the black hole solutions in the higher spin su- 
pergravity and check if there are super symmetric ones. First of all, we need to construct 
suitable higher spin black holes. The black holes we find have not been discussed before 
hence we will clarify these solutions in detail, including the explicit solutions, and most 
importantly, how the holonomies around the thermal circle lead to consistent thermody- 
namics. Next we discuss under what condition, the black hole become supersymmetric. 
We will use two methods to investigate the issue. The first one is to solve the generalized 
Killing equation by brute force. The second one is to discuss the relation (j89j) on the 
holonomy. It turns out that two methods always lead to the same answer. To simplify 
the discussion, we work on the higher spin black holes whose explicit entropy forms are 
feasible. These include the ones in osp(3\2) supergravity and sZ(3|2) supergravity. 

4.1 Black Holes in osp(3\2) Supergravity 

The study of the black hole solution in a higher spin supergravity is not much difficult 
than the bosonic one. To find the black holes in the higher spin supergravity, we only 
need the bosonic algebra of the theory. However, from the structure of the higher spin 
algebra, the bosonic part is just the direct sum of decoupled semi-simple Lie algebras. 
This property is quite like D2 gravity |29j . One lesson from the D2 gravity is that the 
total entropy of the black hole can be the sum of the entropies of two decoupled system. 
The same is true for the black hole in the higher spin supergravity. In this subsection, 
we explore the black holes in osp{3\2) supergravity. This supergravity can be taken the 
simplest higher spin supergravity as it contains a spin 5/2 field. 

4.1.1 Solution 

Let us first consider the solution in the osp(3\2) supergravity. As in the sl(N) gravity, 
we can choose the highest-weight gauge to set the gauge connection to be 

A = e - pLo ae pLo + L dp, 
A = e pLo ae- pLo - L dp (99) 

where 

1 

a = (Li — £L_i + C! ' A-i)dx + + (VL_i + qiAi)dx~ , 

i=-l 
1 

a = -(L_i - CLi + C'A 1 )dx~ - {vL x + ^ qiAi)dx + (100) 

i=-l 

From the equation of motion, we find the solution 

a = (Li - + C'A-i)dx + + /i(£'L_i + A x - CA-ijdx" , 

a = -(L^-CLi+C'A^dx' -fi(A^ 1 -£A 1 +£'Li)dx + . (101) 
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Here we have relabel the parameters q and q to be \x and /2, which could be interpreted 
as the potentials conjugate to the spin 2 charges £ and C' . Note that this solution 
is exactly the same as the one in the D2 gravity [29J. However, the osp(3\2) gravity is 
different from the D2 gravity in many aspects. First of all, the osp(3|2) gravity has many 
fermionic degrees of freedom, which connect the decoupled bosonic degrees of freedom. 
Secondly, the supertrace of the supermatrix M is different from the trace in the D2 
gravity. Therefore this osp(3\2) higher spin supergravity may not have a second order 
formulation as the D2 gravity. 

4.1.2 Thermodynamics 

The thermodynamics of the black holes found in previous section can be studied by 
obtaining its exact entropy. Now the holomorphic part of the partition function is 

Z = Trexp2irki(TC + aC) (102) 

We denote the entropy of the black hole to be S, which is a function of £ and £' . The 
parameters t, a can be related to £,£' by 

% OS i dS , , 



2nkdC 2-nkdCJ 
Equivalently we may define four other variables H, AT., 7, 5 by 

U = £-£', 1C = £ + £', (104) 

7 = t — a, 5 = T + a (105) 

which have 

i dS r i dS . . 

1 = -k&u> 8 = ~kW (106) 

The holonomy around the thermal circle is H = e$ A = e u , with 

co = 2n(a + r-a„T)= ( ^ ° V (107) 

In the bosonic higher spin gravity, the holonomy has to be in the center of the corre- 
sponding algebra [TO]. In the higher spin supergravity we are considering, the holonomy 
is 

B - ( l3 o 3 -L ) • <108> 

In other words, we require the eigenvalues of ^3x3 to be 2iri,0, — 2ni and the ones of 
"^2x2 to be iri, —ni. After a short computation, we find 

/ ^7 \ / n r e X 

w 3 x3 = 2vr \/2 7 V27ij , a; 2X 2 = 2vr . (109) 

V v/27 J v<) / 
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Hence the holonomy equation becomes 

trool x3 = -8vr 2 , tru 2 2x2 = -2tt 2 . (110) 
From the equation (|106p we find the entropy of the black hole to be 

S = ±irkVn ± irk^/lC (111) 
There are four branches of the solutions 

• Branch 1:5 = irk(Vn + VlC) 

• Branch 2: S = Tik(VH - y/K) 

• Branch 3: S = r Kki K —\fTL + \ffc) 

• Branch 4: S = nk(-Vn - VK) 

Note that for each branch, we can find the corresponding r, a and then [i. One can 
explore the phase structure of the black holes as in [301 EI] j but we will not include it 
here. In the following, we will explore the supersymmetries of the solution. 

4.1.3 Super symmetry I 

In a supergravity, it is important to know how many supersymmetries the solution 
preserves. The super symmetric condition is a generalized Killing spinor equation 

de+[A,e]=0 (112) 

where the spinor e can be expanded as 

e = r] r R r + k s Z s (113) 

with r = — §,— 2>2'§ an d s = — s> 1 f° r os p(3|2) case. We notice that in the paper [12], 
only the spin 1/2 generators were included in the expansion. Nevertheless, we feel that 
it is more reasonable to include the higher spin fermonic generators, as did in [11[ I13j. 

From the form of the connection (|99p and the p component of the Killing spinor 
equation (|112p . e can be cast into the form 

e = e - pLo e e pLo (114) 

where eo is a function independent of p. The + component of the Killing spinor equation 
can be expanded as 

d + rjz +r/i=0, 

2 2 

9+771 + 277_1 + 3£773 — £'t73 = 0, 

2 2 2 2 

2 4 

d+ri_ i + 3t/_3 + 2£t7i - -Cm + -C'ki = 0, (115) 

2 2 2 3 2 3 2 

1 / 4 / 

2 2 3 2 3 2 

d + Ki + k_i — 2C'ri3 = 0, 

22 2 

2 5 

+>Cki C 771 £ki = 0. 

2 23232 
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The — component of the Killing spinor equation can be expanded as 

1 4 

o-m + + o^ki = 0, 

2 3 2 3 2 

2 , 4 

d-rii — 3u£'r]3 H — W_i + u£??3 H — = 0, 

2 2 3 2 2 3 2 

/ 2 4 

d-ri_i — 2uC 7/1 + /jr/_3 H — uCki = 0, 

2 2 23232 

/ 1 4 
d-i]_3 — fi£ ri_i H — fiCr/ i fiCni = 0, (H6) 

2 23 232 

<9_ki UV-l "I — M^-l + 2u£r73 = 0, 

23232 2 

d-K_i — (j,£'ki — 2fj,rj_3 + -/j£r/3 + -[j,£ki = 0. 

3 2 23232 

Let us first set £' to be zero. In this case we have \i = (jl. From the equations ()116[) 
we find that TJ r , Kg £1X6 independent of x . Then the equations (|115p become 

(5i - = 0, 

2 

(fl£-£)(fl£-aC)77s =0. (117) 

The other components can be obtained easily. If C 7^ 0, the general solution should be 

si = cie^^ + p 2 e-^ Zx+ 
2 

773 = die 3 ^' + +d 2 e v/Zx+ +d 3 e~ VZx+ + d A e~^ x+ . (118) 

Then for general C > 0, the Killing spinor is neither periodic nor anti-periodic, so a 
general BTZ black hole breaks the supersymmetries completely. However, for C < 0, 
the Killing spinor can satisfy the periodic or anti-periodic condition. If we restrict 
ourselves in the region — j < C < 0, then when C = — 4 the spnior satisfy anti-periodic 
boundary condition. Since £ = —\,C = corresponds to global AdSs, we conclude 
that the global AdS^ preserve all the supersymmetries. For the anti-holomorphic sector, 
we have the same conclusion. We use (6,6) to denote the total supersymmetries since 
there are six Killing spinors in each sectoi[j . 

However, in the range — \ < C < 0, there are two other interesting cases. If C = — 
we find that we can set 

ci = c 2 = d 2 = d 3 = 0, (119) 

and d%, d^ to be arbitrary constant. Then the configuration can preserve two supersym- 
metries, and the corresponding Killing spinors satisfy periodic boundary condition. If 
£ = we may set 

c\ = c 2 = d 2 = d 3 = (120) 



6 We are interested in Branch 1, then the zero £' leads to zero fi. A general feature of higher spin 
black hole is that in some branches [51] other than Branch 1 even if the higher spin charge W vanishes 
the corresponding \x can be non-zero. We will not include these cases here. 

7 Here we use (p,p) to denote the number of supersymmetries. p(p) is the number of the independent 
killing spinors of the holomorphic (anti-holomorphic) part. 
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and c2i,g?4 to be arbitrary constant, such that the configuration can preserve two su- 
persymmetries with the corresponding Killing spinors satisfying anti-periodic boundary 
condition. These supercharges are coming from the spin-5/2 components hence are dif- 
ferent from the conventional supercharges. 

Another interesting case is when £ = C = 0. Then the general solution of Eq. ()117[) 

is 

Kl = C\X + + C2, 

2 

r?3 = d x (x + f + d 2 (x + f + d 3 (x + ) + tk. (121) 

2 

Only when c\ = d\ = d 2 = d% = 0, the Killing spinor preserve periodic boundary 
condition. This configuration was called extreme BTZ black hole in the literature. 
The results can be summarized as follows 

1. For global AdS^, £ = £ = — j, it preserves (6,6) supersymmetry. 

2. For £ = — j,jC = — |, it preserves (6,2) supersymmetry. 

3. For £ = — O = — |, it preserves (2,6) supersymmetry. 

4. For £ = £ = — J, it preserves (2,2) supersymmetry. 

5. For £ = — j,C = — it preserves (6,2) supersymmetry. 

6. For £ = — ^,£ = — |, it preserves (2,6) supersymmetry. 

7. For £ = £ = — gg, it preserves (2,2) supersymmetry. 

8. For £ = — jj,£ = — i or £ = — ^,£ = — g, it preserves (2,2) supersymmetry. 

9. For massless BTZ black hole, £ = £' = £ = £' = 0, it preserves (2,2) supersym- 
metry. 

10. For extreme BTZ black hole with nonzero mass, £ = £' = 0, £ 7^ 0, £' = or 
£ 7^ 0, £' = 0, £ = C = 0, it preserves (2,0) or (0,2) supersymmetry. 

The solutions 2 to 8 listed above are not exactly the black holes. And actually they are 
not smooth conical defects we discussed before. They do preserve some supersymmetries, 
but are not smooth. 

Next we turn to the black hole with a nonvanishing spin 2 charge £' ^ 0. As the 
general solution to the Killing spinor equation would be very complicated, here we are 
satisfied with searching for the constant solutions. These solutions satisfy the periodic 
boundary condition in the 4> direction so the problem reduce to search for non-zero 
constant solution of the equations (|1 15|) and (|116p . 

Let us first consider the equations f j 1 1 5 1) . These equations reduce to a set of linear 
equations when the solutions are constants. They have non-zero solutions if and only if 
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the determinant of the matrix M + 



/ 
3£-£' 



-2£' 
V 



1 


§(6£-2£') 



2C 
3 
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±(3£-£') 







3 








ACJ_ 

3 






o \ 



3 

1 



122) 



±(3£-5£') j 



is zero: 



det(M^ 



-(3£ -5£') 2 (£ + £' 



0. 



(123) 



From the Killing spinor equations (|116|) . the characteristic matrix M_ is 



Af_ 



/ 
£-3£' 





2£ 
\ o 



and its determinant is 



1 
3 




±(2£-6£') 






2C 





2 
3 



±(£-3£') 

_2 

3 








1 






4 
3 



3 






-2 i(5£-3£') 



\ 

4 
3 



.Ml 

Y 
3 

o / 



(124) 



det(M-) = - / u 6 (3£ - 5£') 2 (£ + £')• 
For the equation (j!23|) to be zero, there are two cases: 

1. £ = Then the equations (|115|) have the non-zero solutions 

4k x £' 



(125) 



m = o, v- 



-K-l, K-l 



2r/ 3 £', r?_ 3 
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m = C 1K1 = C 2 (126) 



where C\ % Ci are constants. Though (|125p is zero for this solution, the solution 
(|126p does not satisfy the equations (j!16|) . Thus in general there is no supersym- 
metry for this configuration. However, there is one exception. That is to set \i to 
be zero. Then the equations (|116|) are satisfied. This can be achieved by f = oo, 
or equivalently, £ = £' or £ = — £'. In the case that £ = £' or £ = — £', the 
anti-holomorphic part of the black hole is extreme. So the holomorphic part of the 
black hole solution will preserve 2 supersymmetries for these extreme black holes. 



2. £ = —£'. Then the equations ()115p have the non-zero solution 

r/i = r/_ 3 = «i = 0, r/_i = k-i = -2r? 3 £, rj 3 = C, 



(127) 



where C is a constant. For this configuration, the equations in (|116p are indeed 
satisfied. In general, such kinds of configuration preserve 1 supersymmetry in the 
holomorphic part. 
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For the antiholomorphic sector, the analysis is similar. Combining the results in two sec- 
tors, we list the the configurations that preserve some supersymmetries for non-vanishing 
spin 2 charge £' in the following table 



Configuration 


sup er symmetries 


£ = c = c 


(2,0) 


£ = £', £ = 


(0,2) 


£ = |£' 5 £ = -£' 


(2,1) 


£ = -£', £ = §£' 


(1,2) 


£ = -£', -£<£'< £,£' + \£ 


(1,0) 


-£<£'< £,£' ^±£,£ = -£' 


(0,1) 


£ = -£', £ = -£' 


(1,1) 



We notice that all the solutions are extreme in at least one sector. Moreover, there is 
a special point £ = |£' where the supersymmetry get enhanced. This configuration 
is mysterious for us. It is better to have a deeper understanding. Another remarkable 
point is that we only collect the configurations that have some constant Killing spinors. 
To search for the configurations that have non-constant Killing spinors, we need to solve 
the Killing spinor equations, which would be quite involved. However, in the following, 
we can answer this question from the honolomy equation (|89p . 

4.1.4 Supersymmetry II 

Now we search for the super symmetric black holes from the spatial holonomy condition 
(|89p . without solving the Killing spinor equations. As the discussion before, we first set 
£' and £' to be zero. Using the symbol 9i, ipj to denote the eigenvalues of so(3) and 
sp(2), we find 

01 = 2VZ, 6 2 = 0, # 3 = -2VZ, (128) 
tpi = y/Z, tp2 = -VZ. (129) 

When £ > 0, it is a general non-extreme BTZ black hole. In this the condi- 

tions (|95p and (j96|) cannot be satisfied, the configuration breaks all the supersymmetry. 

When £ < 0, the supersymmetry enhancement condition is given by (|95p or (|96p . 
We first consider periodic boundary condition (|95p . This can be achieved in two cases. 

1. 9i — <pi = in, n G Z, which gives us that 

£ = - n 2 , n G Z+. (130) 

The negative integer n give the same £ as a positive n and the case n = is 
excluded by the condition £ < 0. If we restrict ourselves in the range £ > — 4, 
then there is no solution for this case. 
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2. 0i — (f2 = in, n£Z, which leads to 

1 



£ = -^ra 2 , n G Z+. (131) 
In the range —\ < £ < 0, there is only one solution 

£ = --, n = 1. (132) 
9 

This configuration preserve periodic boundary condition. Since there are two pairs 
of 0i — = l,j = 2 and i = 3, j = 1) satisfying the condition ([95]) . it preserve 
two fermionic symmetries. All these results are the same as the ones we found 
before. 

We can also consider the anti-periodic boundary condition (|96p . which can be satisfied 
in two cases: 

1. 0\ — ipi = i{n + |), n G Z. It leads to 

£ = -(n + i) 2 , n G N. (133) 

The unique solution is 

£ = -i,n = (134) 

in the range —4 < £ < 0, leading to the global AdS3. Since for arbitrary the 
condition (|96p can be satisfied, the configuration actually has maximal supersym- 
metries. The result is the same as we found before. 

2. 0i — (£3 = i(n + G Z. It leads to 

c= ~V n+ \ )2 ' neN - (i35) 

There are two configurations in the range — \ < £ < 0, 

(a) £ = — j^j, n = 0, which preserves two fermionic symmetries and anti-periodic 
boundary condition. 

(b) £ = — j, n = 1, which is the global AdS3. 

Now we want to set £ = 0. This is a special configuration as it corresponds to 
extreme BTZ black hole. The eigenvalues of a+ are 

0i = 0, ipj = 0, Vi G {1, 2, 3}, Vj G {1, 2} (136) 

In this case a+ cannot be diagonalized. We need to solve the Killing spinor equation as 
we have done in the previous subsubsection. 
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Let us turn to the case £' 7^ 0, £' 7^ 0. Prom the discussion of thermodynamics, we 
have £ > and — £ <£'<£, otherwise the solution is not a higher spin black hole. In 
this case we can find the following eigenvalues of o^, 

0i = 2(1 - / i) v / £ _r £ 7 , #2 = 0, e 3 = -2(1- ^) v / £ _r £ 7 , (137) 

<pi = (1 + n)V£ + £', ¥2 = -(1 + M) VC + £'. (138) 

Note that the extreme case is special, as when £' = dbC, the eigenvalue is degenerate, 
we need to solve the Killing spinor equation from scratch. And this is the same as we 
discussed previously. Therefore we focus our attention to the case £' ^ ±£. Since all 
the eigenvalues are real, the anti-periodic boundary condition (|96p is impossible and the 
periodic boundary condition (|95p can only be satisfied by setting n = 0, for some i, j. 
Then we find that 

2(1 - fj)y/Z, -£' = ±(1 + ^)V£ + C. (139) 

If we substitute the definition of fi = " into the equation, then we find that the condition 
(|139|) can always be satisfied by suitable choice of £,£',£,£'. Thus the configuration 
can preserve two fermionic symmetries. This conclusion sounds different from the one 
in previous subsubsection. However, there is no contradiction. In the last subsection we 
have just solved the Killing spinor equation for the constant solution case. To have a 
constant solution, we require \x = and this is achieved by setting £' = ±£. Under this 
condition, the solution of (|139p leads to 

£ = -£', (140) 

which is in exact agreement with the result got before. However if we do not require a 
constant solution, then the equation (j!39|) tells us the whole story. 

Moreover, there is another advantage to work with (|139p . It is an algebraic equation 
rather than a differential equation, as a Killing spinor equation is. 

The condition (|139p is interesting because it can be satisfied without taking extreme 
limit. This is very different from the conventional supergravity, in which the supersym- 
metries enhancement always happens for extremal black holes. Now, in the higher spin 
supergravity, we find that even for non-extreme higher spin black hole, the nonconstant 
Killing spinors exist. 

4.2 Black Holes in s/(3|2) Supergravity 

The osp(3|2) black hole has no spin s > 2 hair, so we now consider the black holes with 
higher spin hair in sZ(3|2) supergravity in this section. 

4.2.1 Thermodynamics 

Since the U(l) part is decoupled from the other bosonic generators, we consider the 
solution with vanishing U(l) charge for simplicity. The solution can be parameterized 
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as 

a- = qW 2 + qoW + q- 2 W- 2 + pA ± + p-iA-i, (141) 

where £, y are two spin 2 charges, W is the spin 3 charge and the constant v,qo,q-2,P-i 
are 



p_i = -£p - 2gW, (7-2 = ^[pW + 2g(£ + y) 2 )]. (142) 



v = -y P - 2qW, q = -2qC - 2 q y, 
The holonomy is 

u = 27r(a+r - a_r) (143) 

In terms of 

q = -a 3 /f ,p = -a 2 /f, (144) 

the holonomy can be written as 

- - ( T „L ) <" 5 ' 

with 

/ -|a 3 7r(£ + y) 2^/27r(4a 3 W + (a 2 + r)(£ + 3>)) 4vr(W(a 2 + r) + 2a 3 (£ + ^) 2 ) 
^3x3= 2^/2vr(a 2 +r) f a 3 vr(£ + y) 2^(4a 3 W + (a 2 + r)(£ + }>) 

V 8a 3 vr 2V27r(a 2 + r) -|a 3 vr(£ + y) 

(146) 

.. _ f 27r(r-a 2 )(£-^) \ , . 

W2X2 " 2tt(t - aa) J' (147) 

Similar to the osp(3\2) case, we use the holonomy condition that the eigenvalues of w 3x3 
are 2iir, 0, —2m and the eigenvalues of w 2x2 are iir, —iir. We can also determine r, a 2 , a 3 
by 

i 95 i dS i dS . in . 

«2 = TTTT^' "3 = tt-t^- ( 148 ) 



2tt£;«9£' 2ttA;^' ° 2nkdW 

Here 5 is the entropy of the black hole. It is a function of the charges C,y and W. It 
is more convenient to redefine the charges to be £ + y,C — y and W. It is easy to see 
that the holonomy w 3x3 is only dependent of £ + y and W, a 2 + r and a 3 . And as 

a * + T = -kWTyy (149) 

w 3x 3 depends on £ + ^ and W and their corresponding potentials. Similary, uj 2x2 
depends on £ — 3^ and its potential. Therefore we can cast the entropy function to be 

s(c,y,w) = s 1 (c + y,w) + s 2 (c-y). (150) 
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Then we can solve the holonomy equations by 



Si = irkVC-y + ttW£ + 3^^(arcsin^^ + (i - 1)tt), 1 < i < 6 (151) 

1, . 3y/Sz 



S i+6 = -irkVC -y + ttWC + y cos -(arcsin + (i - 1)tt), 1 < i < 6 (152) 

where the parameter z is 

W 

z = r . (153) 

{c + y)l 

Note that there are 12 branches of solutions in the holomorphic part. And for a general 
sZ(3|2) higher spin black hole with vanishing 17(1) charge there would be (12 x 12 =)144 
branches. It could be interesting to study the phase structure of the sZ(3| 2) black hole 
as in [31~] . 

The entropy of the black hole in sZ(3|2) is actually a sum of the entropies of the spin 
2 BTZ black hole and the spin 3 black hole. This is due to the decoupling of two sets of 
the bosonic generators. As there are 2 branches for the BTZ black hole and 6 branches 
for the spin 3 black holes [30 , |31], there are totally 12 branches in each sector. 

4.2.2 Super symmetry I 

As the osp(3\2) we studied above, we may solve the Killing spinor equation directly to 
read the conditions for supersymmetry 

de+[A,e]=0. (154) 

Here the spinor e still has the form 

e = e - pLo e e pLo (155) 
where eo is independent of the p coordinate. It can be expanded as 
e = mGi + rj 2 G_i + r/^Hi + r/ 4i H_i + rj 5 S3 + rjeSi 

2 2 2 2 2 2 

+V7S_i + ri s S_3 + 779T3 + rji Q Ti + 7JnT_i + f?i2r_3. (156) 

2222 2 2 

We use the same symbol 77 to simplify notation, but one should keep in mind that they 
are the coefficients in front of different types of fermonic generators. The "+" component 
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of the Killing spinor equation gives us 

d+m + m + 2r/ 5 y = o, 

d +m + hfrnc - 6r? 5 w + 5 m y + 2 m y) = o 

9+m + 774 - 2rj 9 y = 

d+r/ 4 + 3(3773^ - 6t/ 9 W - 27710^ + 5 V3 y) = 0, 
9 + r/5 + r/ 6 = 

9+r/ 6 + 2r/ 7 + 3r/ 5 £ + = (157) 
9+r/ 7 + 7^(9% + 6r/ 6 £ - 6r/ 5 W - A m y + 2 % 3^) = 

d+m + t^(3??7£ + 4r?iW - 2r? 6 W - 4r/ 2 }> + r? 7 ^) = 

(9+7/9 + 7/10 = 

9+r/io + 27711 + 3r/ 9 £ + r] 9 y = 

d+r/11 + + 67710/: + 6r/ 9 W + 2r/ 10 3^ + 4773^) = 0, 

9+t/ 12 + -(37?ii>C + 2t/ 10 W + 4t/ 3 W + r) n y + = 
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The "— " component of Killing spinor gives us 

d-r/i + -(5r)2P - 2rj 7 p + 6i] 5 Cp + 12i]$q - 4r) e £q + 12% Wq - ir/^yq) = 

d-i]2 + -(—Grjsp + 5r/i£p + 2r] 6 £p - 6rj 5 Wp + 4r/ 7 £g - 12r] 5 C 2 q + 

16% W9 + 47/6 + 3^^P + 4%^ - 2A V5 Cy q - I2r, b y 2 q) = 
d-m + g (2??iiP + 5r/ 4 p - 6%£p + 12% 2 g - 4% £<? - 12% W<? - Ar) W yq) = 

<9_% + -(677122? - 2% £p + 5%£p - 6%Wp + 4r/n£g- - 12%£ 2 g - 

4r/i Wg + 16% + 3 V3 yp + 4%^ - 24 V9 £y q - 12 V9 y 2 q) = 
<9_% + -(4%jj + %p - 8r] 2 q - 4%g + 4%£g + 4%3^) = 

+ t:(4%P + 2%p + 3%£p - 12?7 8 g - 8rjiCq - 4%£q + 24% Wc/ + 



8%Wg + 16% Wg + 6%yp + 87723?? - 4%3^ - 24r) 5 £y q - I2r] 5 y 2 q) = 
9-V8 + \ {-^m£p + V7^P + 4%Wp - 2%Wp + 4%£g + 8rnC 2 q - Ar] 6 C 2 q - 8%W<? + 

8r 11 Wq + 3r] 7 y P + 4%3^ + W m £y q - 8rj 6 Cy q + 8r h y 2 q - Ar, & y 2 q) = 
9-V9 + ^{VwP ~ 4%p + 4t7ii9 - 8%<7 - 4%£g - 4rj 9 yq) = 

d-Vw + g(2r?np - 4%p + 3%£p + 12% 2 <j + 4% £<7 - 8rj 3 £q + 24% Wg + 9%3^P + 
4r/io^9 - 8%3^) = 

d-Vn + q(3?7i2P + 2rj W Cp + 4%£p + 6%Wp + 4rjn£q + 8%£g + \2r\ 9 L 2 q + 1 67710 Wg + 
8%Wg + e mo yp + 4%i3^ + 8774^ + 2A V9 Cy q + I2r) 9 y 2 q) = 

<9-% 2 + -z(r)n£p + 4%£p + 2% Wj> + 4%Wp - 4% 2 £g + 4% £ 2 <7 + 8rj 3 C 2 q + 8%iWg + 
8r] 4 Wq + 3%!^ - 4% 2 3;g + 8rj 1G Cyq + 16%£3;g + A mo y 2 q + 8%3; 2 g) = 

Let us first consider the BTZ black hole. This black hole is parameterized bjH 



Then the situation is much like the case of osp(3|2). The "— " component equations lead 
to the conclusion that all r^'s are independent of the x~ coordinate. The "+" component 

8 Here we have choose Branch 1 which could be the stable phase at the low temperature. 




(158) 



y = o, w = o, g = o, p = o. 



(159) 
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equations lead to 

{d\ - C) m = 0, 
(d 2 + - £)% = 0, 
{d\ -C){d\- 9^5 = 0, 

(d 2 + -C)(dl-9C)r ]9 = 0. (160) 
As the analysis is similar to the osp case, we just list the results as follows 



Configuration 


SUSY 


Boundary Condition 


c = c = -i 


(12,12) 


(AP,AP) 


£ = -i £ = -i 


(12,4) 


(AP,P) 


£ = -± £ = -! 

^ 4 ' ^ 36 


(12,4) 


(AP,AP) 


£ — — - £ — — - 

9 ' 4 


(4,12) 


(P,AP) 


£ - -i £ - -i 

*-> 9 ' 9 


(4,4) 


(P,P) 


£ — — - £ — - — 

^ 9 ' *" 36 


(4,4) 


(P,AP) 


£ — -J- £ — -i 

— 36 ' ^ ~ 4 


(4,12) 


(AP,AP) 


£ — -— £ — — - 

*" 36 ' ^ 9 


(4,4) 


(AP,P) 


£ — -— £ — - — 

36 ' *~ 36 


(4,4) 


(AP,AP) 



Here in the table, the number in the bracket are the fermionic supercharges in the 
holomorphic and anti-holomorphic sectors respectively. The AP or P means the Killing 
spinor satisfy anti-periodic or periodic boundary condition in the (ft direction. Besides 
the global AdS3, the other solutions listed in the table are actually not smooth since 
their spatial holonomy is not in the center. Hence, they may be not allowed from the 
criteria of smoothness though they preserve some fermionic symmetry. 

Moreover, one can also consider the massless BTZ and extreme BTZ black hole 

1. For massless BTZ, £ = £ = 0, we have (4,4) super symmetry. 

2. For extreme BTZ with nonvanishing mass, £ = 0, £ ^ or £ ^ 0, £ = 0, it 
preserves (4,0) or (0,4) supersymmetry. 

For £ > 0, £ > 0, there could be supersymmetric configurations with non-vanishing 
higher spin charge. As the Killing spinor equations become complicated, we can restrict 
ourselves to constant spinor solutions. The character matrix M + ,M_ can be read from 
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the equations (|157p and (|158|) . They are respectively 



Mi 






1 








2y 

















±a 











-2W 


23' 

3 























1 














-2y 











¥ 

















-2W 


_23Z 
3 

















1 


























b 





2 











3 

4W 
3 





3 














-2W 




¥ 

2W 
3 






¥ 




3 












1 


























b 













4y 

3 
4W 

3 




3 


















2W 



¥ 

2W 
3 












2 


¥ 



M_ 



V 





\a 
o 
o 

3 

-|C 3 
-3C4 

|c 5 







op 
3 





. 3 

|c 3 

-§C 4 























5p 
3 


I C1 





























4p 


89 


3 


3 


2c 3 


4p 










3C5 


3C4 



C4 


-|c 3 


_2£ 


4g 










|c 4 


¥3 


-2p 




















-C 4 


-ho 
-3C4 














-C5 


5C3 


V 
3 


4 9 











C2 


-|c 3 
|c 2 


2p 3 

-Jc 3 


-4q 
V 













-3C5 


3C2 


¥3 




















-5C3 


p 
3 














C2 


| C3 














C5 


3C2 
3C5 


















\ 









3 

0/ 



2f 

¥s 





oC 2 



\ 


M 

2p 






M 

V 

-¥3 J 



in which some constants are defined as 



a = 3£ + by, b = 3C+y, c x = 5Cp + WWq + Wp, c 2 =Cp + 8Wq + typ, 
c 3 = 4(£ + y)q, c 4 = 2(Cp + 2Wq), c 5 = 2(Wp + 2q(C + y) 2 ). (161) 

The determinant of M + and M_ are respectively 

det(M + ) = (-9C 3 + 16W 2 - 21£ 2 ^ + 5£^ 2 + 25^ 3 ) 2 , (162) 



det{M_) = (— (729(-9/: 3 + 16W 2 -21£ 2 ^ + 5£^ 2 + 25^ 3 ))p 6 
729 

+3888Wg(5£ 2 + 46£3^ + 77^ 2 )p 5 

+5184^ 2 (46£ 4 - 9£W 3 + 208£ 3 .V + 153W 2 ^ + 372£ 2 ^ 2 + 304£^ 3 + 94^ 4 )/ 
+27648VtV (37£ 3 + 27W 2 + 165C 2 y + 219Cy 2 + 9iy 3 )p 3 
-36864g 4 (£ + y) 2 {41C 3 - 189W 2 + 105£ 2 3^ + 87£3^ 2 + 23y 3 )p 2 
-442368Wg 5 (£ +y)(8C 3 - 27W 2 + 24C 2 y + 24Cy 2 + 8y 3 )p 
+16384g 6 (8£ 3 - 27W 2 + 24£ 2 ^ + 24£3^ 2 + 83^ 3 ) 2 ) 2 . (163) 
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The equations (|157|) has non-zero constant solution if and only if 

- 9£ 3 + 16W 2 - 21C 2 y + 5Cy 2 + 25y 3 = (164) 
For general configuration, C ^ 0, y ^ 0, W / 0, the equations (|157p can be solved by 

dy(3C + by) 
m = Cl, 7] 2 = — , 7] 3 = c 2 , 

m y(3£ + 5y) (3£ + 5y)Ci 
m = ^ , % = m , m = o 

(3£ + y)(3£ + 5y)Ci 1 r(r^^A (3£ + sy)c 2 
717 = 12W ' % = 3 Cl(C + % = 6W 

(3£ + y)(3£ + 5y)C 2 
mo = 0, 77ii = , V12 = ~3 C 2(£ + Sy). (165) 

However the Killing spinor equations (|158|) cannot be satisfied for the configuration (|164p 
and the solution (|165p . But for the extreme case r = oo, q = p = 0, Eq. (j!58|) can be 
satisfied automatically. The condition f = oo can be achieved by 

C = y, or W 2 = ^(C + yf. (166) 

Therefore a general configuration (|164p and (|166p preserve (2,0) supersymmetries. Note 
that we do not include the case C = ~y as it leads to vanishing spin 3 charge VV = 0. 

There are some cases in which supersymmetry is enhanced. We consider the following 
cases. 

1. W = 0, q = 0. The spin 3 charge and chemical potential are zero, so that (|162p 
and (|163p reduce to 

det(M + ) = (-9C 3 - 21C 2 y + 5Cy 2 + 253^ 3 ) 2 

= (C-y) 2 (3C + 5y)\ (167) 
det{M_) = p 12 {C-y) 2 {3C + hyf. (168) 

The possible supersymmetric configurations are the following, 
(a) When C = -§}>, the solution of (fT5TD is 

m = Ci, m = -2C 3 y, m = c 2 , m = 2C 4 y, % = c 3 , % = o 

777 = 2C 3 y, % = ^C a y, 7?9 = C 4 , 7710 = 0, 7711 = 2C*y, Vl2 = ~c 2 y. 

There are four independent solutions, indicating four conserved supercharges. 
The equations (|158|) can be satisfied by the extreme condition (|166p . Thus 
with the condition (|166[) . the configuration preserve (4,0) supersymmetries in 
general. 
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(b) When C = y, the solution of (H5ZD is 



vi = o, V2 = -2dy, m = o, m = 2C 2 y, % = d, % = o 

ryy = -2Ci^, 77s = 0, 779 = C 2 , 7710 = 0, 7711 = -2C 2 y, r?i 2 = 0. 

There are two independent solutions, indicating two conserved supercharges. 
The equations (|158p can be satisfied in this case. Thus the configuration 
in this case in general preserve (2,0) super symmetries. Similar analysis in 
the anti-holomorphic sector suggests that the configuration C = y, C = y 
preserve (2,2) super symmetries. 

In fact, the results here is similar to the ones in the osp(3\2) case. This is expected 
as for W = VV = 0, we can embed the configurations in osp(3\2) gravity into the 
ones in sZ(3|2) gravity. 

2. y = 0,p = 0. In this case, the relations (j!62|) and (|163|) reduce to 

det(M + ) = (9£ 3 - WW 2 ) 2 , 

det(M.) = ^|^, 12 (8£ 3 -27W 2 ) 4 , (169) 

which can only be satisfied by 

9£ 3 - 16W 2 = 0, q = (170) 

The condition q = can be achieved by extreme configuration (|166p . As the 
solution of equations (|157p is to set y = in the solution (|165p . this case is just 
a special limit of the general solution (|165p and there is no more supersymmetry 
enhancement. 



4.2.3 Supersymmetry II 

Now we analyze the condition from spatial holonomy to find the supersymmetric con- 
figurations. For the solution we found in (|14ip . (|142p . we find the form of to be 



a 3 / 3 




(171) 



It is a block diagonal matrix, with 



%q(c + y) V2(c + y-(c + y) P -4Wq) -2(w(-i+ P ) + 2 q (c + y)) 
<r :i - I -V2(-i + p) -§?(£ + y) V2(c + y-{c + y)p- m q ) 

-4q -V2(-l+p) h(C + y) 



and 



2X2 _/ o (i +p )(£-y) 
1 l+p o 
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We face a problem that the eigenvalues of the 3x3 matrix a^, x3 are involved. However, 
the 2x2 matrix a 2x2 is easy to deal with. Its eigenvalues turn out to be 

<pi = (i+ P )Vc^y, y?2 = -(i +v)Vc=y. (172) 

Here we only consider the supersymmetric black holes for which the eigenvalues of a^ x 3 
have to be real. As the eigenvalues of are real, then should satisfy the equation 

det(af 3 -xlsxs) = (173) 
where x = (pi, with i = 1 or 2. This leads to the equation 

-128WV - 4W(-1 + p)(l + (-2 + p)p + 2q(-3x + 8q(C + y))) 
+ ^=(-3x + 16g(£ + 3>))(64CY - 36(-l + pfy 

+ (3x + 8g^) 2 + 4C(-9 - 9(-2 + p)p + 4g(3x + 8^))) = (174) 

To check the consistency of (|174p . we can set W = q = then we find the supersymmetry 
enhancement condition (|139|1 9 I. Therefore the analysis for the W vanishing case is the 
same as before. 

The interesting case comes from Though the condition is given in (|174p . the 

parameters p, q are determined by Q 144)1 . (| 148 1) and (|150p . In general, there are solutions 
to (|174p . which could be quite involved. Here we would like to consider the constant 
solution and check the consistency with the discussion in the previous subsubsection. 
We may choose q = p = by setting the antiholomorphic part to be extreme. Then the 
condition (|174p simplifies to 

AW + A(C + y)x - x 3 = 0. (175) 

It is just 

4W = ±V£^y{3C + 5y), (176) 

which is the same as (|164p . 

5 Discussion and Conclusion 

In this paper, we discussed the symmetries of the classical configurations in 3D higher 
spin gravity, defined by the Chern-Simons action. We found that the holonomy of the 
gauge potential around the spatial circle encodes the symmetry of the solution. To be 
modest, we only focused on two classes of configurations: the smooth one with maximal 
higher spin symmetries, and the higher spin black holes which may preserve part of 
sup er symmetries . 

9 There is some signature flipping due to the convention of the ansatz (|141[) . 
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We obtained the maximally symmetric solutions in various higher spin (super-) gravity 
theories and identified them with the smooth conical defects(surplus). For smooth con- 
ical defects (surplus), the spatial holonomies are in the centers of the corresponding 
gauge groups. Such configurations are of particular importance in the HS/CFT corre- 
spondence, as they correspond to the primary states (0, A_) in the dual CFT. They are 
equally important as the global AdS3, in the sense that they are also saddle points of 
the Euclidean path integral and could be taken as the vacua for different sectors. It is 
remarkable that the uniqueness of maximally symmetric space in the usual geometric 
sense is lost in 3D higher spin gravity. It would be interesting to investigate if the same 
phenomenon happens in the higher dimensional case. 

The study of the maximally higher spin symmetric configurations may shed light 
on the the HS/CFT correspondence in the semiclassical limit. In this limit, the cen- 
tral charge tends to infinity but the rank of gauge group iV is kept to be finite, the 
Vasiliev theory is simplified to a finite sl(N) Chern-Simons gravity coupled to scalar 
matter. In [8j, it was shown that the smooth conical surplus were in precise match with 
the primary states (0,A_) in dual CFT, and the excitations on these surplus could be 
identified with more general primary states ( A + , A_ ) . The match of the spectrum gives 
strong support of this duality, even though the theory becomes non-unitary. Our study 
on the smooth conical surplus suggests that this duality could be true for the higher 
spin gravity theory for other gauge groups. We constructed the smooth conical defects 
for Sp(2N), SO(2N + 1), SO(2N), G 2 and found precise match with the highest weight 
representations of so(2N + 1), sp(2N), so(2N), g 2 - This correspondence is captured by a 
simple relation: 

- iOi = Aj + pi, 

where O^s are the eigenvalues of a+, Aj's comprise the highest weight and p^'s comprise 
the Weyl vector. It is interesting to see how this relation fits into some precise duality 
between AdS3 higher spin gravity and coset minimal model. 

In the higher spin supergravity theory, the picture is less clear. For the sl(N + 1|AT) 
case, the smooth conical defects are indeed in match with the chiral primaries in the 
proposed dual CFT. However, for the osp(2N + 1|2AT) case, the conical defects are not 
in agreement with the chiral primaries in the proposed supercoset. As the bosonic sector 
of osp(2N + 1|2AT) involves both so(2N + 1) and sp(2N) group, it is nontrivial for the 
dual CFT to match the spectrum of the smooth conical defects. 

On the other hand, the smooth higher spin black holes are partially symmetric. 
They have trivial thermal holonomies in order to be smooth. But they have nontrivial 
spatial holonomies, which allow us to analyze their symmetry properties. In general, 
they keep only the symmetries generated by the Cartan subalgebra of the gauge groups, 
suggesting that the constant solutions have well-defined global charges. For the black 
holes in the higher spin supergravity, the super symmetric configurations are interesting. 
For the higher spin supergravity, the Killing spinor should be generalized to account 
for the higher spin spinor. We focused on the supersymmetry of osp(3\2), s/(3|2) higher 
spin black holes in this paper. We found that all the super symmetric configurations with 
constant Killing spinor were extremal, but there were also non-extremal super symmetric 
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configurations which have non-constant Killing spinors. This feature may hold for the 
black holes in other higher spin super-gravity theories. We showed that it turned to be 
more efficient to work with the constraint (|89p imposed by the spatial holonomy of the 
configuration to find the Killing spinors, even though it is possible to solve the Killing 
spinor equations directly. 

For the black hole in the high spin supergravity discussed in the present work, their 
thermodynamics are relatively easy, due to the decoupling of the bosonic sectors. Their 
entropies are just the sum of the ones of the black holes in the decoupled theory. In this 
case, the entropies should be able to be understood from boundary CFT, as suggested 
in [33] , Even though the black holes in osp(3\2) and sZ(3| 2) look simple, their phase 
structure could be rich. In particular, the high temperature phase of sZ(3|2) black hole 
may present different features from usual spin 3 black hole, considering the fact that 
there could be two UV theories in this case|34j. 

The supersymmetric black holes are of particular importance in string and super- 
gravity, due to their better behavior under quantum corrections. In string theory, it 
has been found that for classes of BPS black holes, not only their entropy but also the 
quantum corrections are in exact agreement with the string prediction. Especially, the 
logarithmic corrections to the entropy function due to massless modes provide tests for 
the underlying quantum gravity [35| 136] . For the high spin supersymmetric black holes, 
it would be interesting to understand the possible logarithmic corrections to the entropy, 
coming from the massless graviton and high spin fields, from dual CFT. 

In our treatment of the black holes in sZ(3|2) gravity, we turned off the U(l) field. 
It would be interesting to explore the black holes with non-vanishing U(l) charge and 
search for the corresponding supersymmetric configurations. Besides, we showed for the 
first time that there were exact black hole solutions in higher spin super-gravity, whose 
entropy function could be written in an analytic form. It would be quite interesting to 
explore the thermodynamics of these higher spin black holes. 
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Appendix A: sl{N), sp(2N), so(2N + 1), so(2N), g 2 

Generally, the principal embedding of sl(2) into a Lie algebra g is defined to be the 
unique embedding with the number of sl(2) modules equals to the rank of g. The spin 
of the modules in different Lie algebras is collected in the following table: 
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A N 


2,3,- •• ,N + 1 


Bn 


2,4,--- ,2N 


Cn 


2,4,- ■■ ,2iV 


D N 


2,4,- •• ,2N -2,N 


E 6 


2,5,6,8,9,12 


Ej 


2,6,8,10, 12,14, 18 


Eg 


2,8,12,14,18,20,24,30 


F A 


2,6,8,12 


G 2 


2,6 



These numbers equal to the degrees of different Casimir operators in the corresponding 
algebra. 

For a Lie algebra with rank r, suppose we have a set of Chevalley basis ef,hi, which 
obeys the following commutation relations: 

[hi, ef] = ±A ije f, [e+,ej] = (177) 

where Aij are elements of the Cartan matrix. Then in the principal embedding the 
generators Li,L_i can be represented as: 

r r r 

L, = V2j2et,L-! = -V2j2J2 AiJe T- ( 178 ) 

i=l i=l j=l 

Here = (A~ l )ij. From the usual definition Lq = [L±, L_i]/2, one can easily check 
[L±i,Lq] = ±L±i, hence {Lo, L±{\ indeed form a si (2) subalgebra. 

Using this expression, as long as we have a matrix realization of the Chevalley basis 
and other lie algebra generators, we can construct the matrix realization of principal 
embedding in any Lie algebra. 
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In the case of sl(N), we can use the set of Lq,L\,L-i to generate the whole set of 
generators: 



Ln 



( N - 1 












N -3 





















(N - 3) 

~(N-1)J 

\ 




V 











/ yJW^l 

V2iV-4 





V o 





















-y/N- 1 / 

o \ 




Viv- i 





(179) 



Here Lu i+ i ^ = — V Ni — i 2 , L_ 1 /j j +1 ) = \/ A^i — i 2 , and they satisfy commutation rela- 
tion [Li, Lj] = (i - j)L i+j . 

The other generators are denoted by W^, 3 < s < N, — (s — 1) < m < (s — 1), and 
are given by 



L 



s-l 

1 ' 



W s i 

* * m—l 



-[L-i,W, 



, (180) 
s + m — 1 

The generators of sp(2N) can be obtained by truncating out odd spin generators 
from sl(2N). The generators of so(2N + 1) can be obtained by truncating out odd spin 
generators from sl(2N + l). The generators of §2 can be obtained by truncating out spin 
4 generators from so(7). 

For the Lie algebra so(2N), we use the set of generators = —i(E a b — E(, a ), which 
satisfying the following commutation relation: 



[Tab, T c d] = -i(8bcT a d + badTbc ~ ^bdXac ~ ^acTbd)- 



(181) 
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The chavelley basis are 



e l < N ~ 2 (^2Z,2i+l — iT>zl-i : 2l+l — iT 2 l : 2l+2 ~ ^2Z-l,2i+2) 
e l<N = 2 (^21,21+1 + ^2Z-l,2i+l + ^2«,2Z+2 ~ ?2{_l ) 2J+2) 

e N = 2^ 2N ~ 2 ' 2N - 1 ~ *^2JV-3,2JV-1 + iT 2 N-2,2N + T 2 N-3,2n) 

e N = 2^ 2N ~ 2 ' 2N - 1 ~*~ *^2JV-3,2JV-1 _ iT 2 N-2,2N + T 2 N-3,2n) 

h>N = T 2 N-3,2N-2 + T 2 N-1,2N- (182) 

Appendix B: Superalgebra s/(3|2) and os£>(3|2) 

The generators of sZ(iV|./V — 1) are classified into the bosonic ones 

W^ s (s = 2,3,- •• ,7V), Wl 2 ) s (s = 2,3,--- ,N — 1), J 
and the fermionic ones 

Q s r (s = l,--- ,N), Q s r (s = !,-■■ , N) (183) 

where — s + l<m<s — 1 and — s + ^<r<s — ^. One can find their realizations in 
|32|. 112]. The generators of osp(2N + 1\2N) can be obtained by truncating out all the odd 
spin generators in (|183p and one copy of the fermionic operators in (|183p . We illustrate 
such kind of truncation below explicitly for the sZ(3|2) case, as we need supermatrix 
realization in the main context. 

Let us consider the si(3|2) higher spin supergravity. Its bosonic part is s/(3)ffis/(2)ffi 
u(l). The generators are Li, Ai,W m , J, where L{,A{ are spin 2 generators and W m are 
spin 3 generators, J is the u(l) generator. The fermionic part is generated by two spin 
5/2 and two spin 3/2 generators, which are denoted as S r ,T r ,G s , H s respectively. The 
commutation relations are 

[Li,Lj] = (i-j)L i+j , [Ai,Aj] = (i-j)L i+j , [L^Aj] = (i-j)A i+j , 
[Li, W m ] = (2i - m)W i+m , [A u W m ] = (2i - m)W i+m , 

[W m , W n ] = ~(n - m)(2m 2 + 2n 2 - mn - 8){L m+n + A m+n ), 
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[Li, G r ] = (- - r)G i+r , [Li, H r ] = (- - r)H i+r , 

3i 3i 
[Li, S s ] = (— - s)Si +s , [Lj, T s ] = (— - s)T i+s , 

4 5 i 

[Ai, G r ] = -Si +r + - (- — r)Gi +r , 

[Ai,H r ] = ~T i+r + ^ - r)H i+r , 

[A, S s ] = 1(| - - i(3i 2 - 2is + S 2 - ^)G i+a , 

L4,,T S ] = - s)T i+s + |(3i 2 - 2is + s 2 - ^)fli+ a , 

4 772 4 771 

[W- m ,G r ] = --(- - 2r)S m+r , [W m ,H r ] = --(- - 2r)T m+r , 

[W m , S s ] = "^(2s 2 - 2sm + m 2 - ^)S m+s - ^(4s 3 - 3s 2 m + 2sm 2 - m 3 - 9s + ^-m)G m+s , 
[W m ,T s ] = i(2s 2 - 2sm + m 2 - ^)T m+s - ^(4s 3 - 3s 2 m + 2sm 2 - m 3 - 9s + ^-m)H m+s , 

[J, Li] = 0, [J, Ai] = 0, [J, W m ] = 0, [J, G r ] = G r , [J, H r ] = -H r , 

[J,S r ] = S r , [J,T r ] = —T r , {G r ,G s } = 0, {H r ,H s } = 0, 
{S r ,S s } = 0, {T r ,T s } = 0, {G r ,S s } = 0, {H r ,T s } = 0, 
{G r ,H s } = 2L r+s + (r-s)J, 

{S r ,T s } = --(r - s)W r+s + ^(3s 2 - 4rs + 3r 2 - ^)(L r+s - 3A r+s ) - -(r - s)(r 2 + s 2 - -)J, 

{G r ,T s } = -^W r+S + jj(3r - s)A +s - ^(3r - s)L r+s , 

3 3 5 

{H r , S s } = --W r+S - -(3r - s)A r+s + -(3r - s)L r+s 

Note that one can truncate out the spin 3 and spin 1 generators and one copy of spin 
3/2 and 5/2 generators. The resulting algebra is just osp(3\2). More explicitly, one can 
define the remaining spin 5/2 and spin 3/2 generators as R s and Z r , which are 

R s = S s — T s , Z r = G r + H r - (184) 

One can show that the subalgebra {Li,Ai, R s ,Z r } is closed. The commutation relations 
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are 



[Li,Lj] = (i- j)L i+j , [A h Aj] = {i- j)L i+j , [L h Aj\ = (i - j)A i+j , 

[ L i, R r] = (y - r ) R i+r, l L i, Z r] = ~ r ) Z i+r 

[A, R r ] = ~(j - r)R i+r - ^(3i 2 - 2ir + r 2 - ^)Z i+r 

4 5 i 

[A;, Z r \ = -Ri+r + -(- — r)Zi +r 

{R r , R s } = -^(3r 2 - 4rs + 3s 2 - ^)(L r+s - 3A r+s ) 

{Z r , Zg] = 4L r + s , 

3 5 
{R r , Z s } = - r)A r+s + -(3s - r)L r+s 

The matrix realization of the s/(3|2) generators are 
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The fermionic generators of osp(3\2) can be realized by 
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After some redefinition of the matrix we find that the commutation relations are the 
same as [TT]. Our choice is to match the bosonic commutation relations given in 
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